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Using known properties of continued fractions, we give a very simple and 
elementary proof of the theorem of Epstein and Redei on the impossibility 
in a certain case of representing -1 by the quadratic form x* - 2pya. Two of 
our theorems, which concern the representation of a2 and -2u2, serve to extend 
our method to an unknown case in which -1 is not representable. 
1. GENERAL VIEW 
Let 2p = r2 + s2 where p is a prime E 1 mod 4 and r and s are integers. 
In the table 
I --I- --t- 
s 1 = 13mod8 / = 17mod16 1 = flmod16 
=13mod8 1 + 1 - ( - 
-&7mod16 1 - 1 i 1 - = 
G hlmod16 1 - 1 - ) f 
(-) will mean that the equation x2 - 2py2 = - 1 has a solution in integers x 
and y, (+) that no such solution exists, and (-J-t) that cases of both types 
occur. In the following the rectangles of the table are numbered from left 
to right. The proof for the second and third rectangles can be found in 
Dirichlet [2, pp. 225-2261, since p = 5 mod 8 in these cases. Pall solved the 
case of rectangle 6 in [4, Theorem 31. (We correct Pall’s theorem by putting 
x2 = &l mod 8 instead of x2 = 1 mod 8.) This case can also be derived 
from Dirichlet [2, p, 2271, sincep = ((r + ~)/2)~ + ((r - .~)/2)~, and the even 
fraction is always c 4 mod 8, so that Z(P-‘)~* E - 1 mod p. 
10 
0022-314X/78/0101-0010$02.00/0 
Copyright 0 1978 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
QUADRATIC FORM X2-2p1?* 11 
The first rectangle is the theorem of Epstein [3] and Redei [6]. It is also 
contained in Pall’s theorem 3 [4] when r = &ts mod 16 (and therefore 
p = 9 mod 16), or otherwise in Pall’s Theorem 4. Another simple proof is 
given in Theorem 3 of this paper. For rectangle 5 we prove in Theorem 4 
that the sign is (+) when r is a square and s > Qr. Numerical calculations 
suggest that the restriction on s can be omitted, but one finds that the last 
rectangle is (&) even in case r is a square. 
In trying to carry over recent results of Brown [l] concerning an odd prime 
to the case q = 2, we find an equivalent property in the cases of rectangles 
2 and 3: If (2 / p) = - 1, then - 1 is represented by the quadratic form. 
Tn all other cases, we must add congruence relations to the power residue 
criteria: (p 1 2), = 1 is always fulfilled, and if (2 1 P)~ = - 1, - 1 is repre- 
sented in the case of rectangle 6, 2 in the case of rectangle 1. Assuming 
(2 1 P)~ = 1, one finds -2 represented in rectangle 1, - 1 or 2 or -2 in the 
other cases on the diagonal, with the exception of - 1 in the center rectangle 
when r is a square. 
2. THEOREMS ON SPECIAL REPRESENTATIONS 
THEOREM 1. Let p be an odd prime. If the quadratic form x2 - 2py2 
represents the odd integer a2 with (x, y) = 1, it also represents one of the 
integers a, -a, 2a, or -2a. 
Proof. Let us assume that in 
x2 - a2 = 2py2 (1) 
p divides x - a. Then there exists an integer k with 
x - a = kp. (2) 
Inserting (2) in (l), we get kp(kp + 2a) = 2py2 or 
k2p + 2ak = 2y2. (3) 
When q is an odd prime divisor of k, q cannot divide a, since otherwise 
we obtain q I x from (2) and q2 1 2py2 from (l), which makes q 1 y and q 1 (x, y) 
in contradiction to the assumptions. If LY is maximal in q” 1 k, we find q” f y2 
in (3). Let c1 be odd. Then the division by q” in (3) would leave the first 
and third term divisible by q, not the second. Therefore cx is even. Assuming 
/3 maximal in 2” 1 k, we have /I > 1 since x and a in (2) are odd, hence 
2j3 > /I + 1 and in (3) 2O+l I 2y2 or 2E I y2. If /I > 1, we conclude as before 
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that B is even. Then k is a square containing a factor 4, say k = 4P. Otherwise 
k = 2ta. 
In the first case (2) can be written (X - a)/2 = 2pt2, and we obtain from (1) 
x+a PY212 Y2 -=-=-* 
2 2pt2 4t2 
Because this is an integer, it is a square, say u2. Now 
u2 - 2pt= = x3-a 
x-a -------=a 
2 2 
is a representation of a by the given quadratic form. If k = 2t2, we divide 
(1) by (2) and obtain x + a = yZ/t2 = u*, hence 
22 - 2pt = (x + a) - (x - a) = 2a. 
The assumption of x + a = kp for (2) leads to a change of sign in the 
following formulas, but again k = 4t2 or k = 2t2. Defining u2 as (x - a)/2 
or x - a, we have u2 - 2pte = (x - a)/2 - (x + a)/2 = -a or ua - 2pt2 = 
(x - a) - (x + a) = -2a, which completes the proof. 
THEOREM 2. When p is a prime and 2p = a4 + b2 with both a2 and b 
congruent to 7 or 9 mod 16, the quadratic form x2 - 2py2 cannot represent 
-2a2 by integers x and y with xprime to y. 
Proof. Inserting congruences for the squares in 
X2 - 2py2 = -2aa, (4) 
one obtains x2 E 0,4, or 16 mod 32,2p E 2 mod 32, and -2~9 = 14 mod 32. 
This allows only 
x2 = 0 mod 32 and ya 5 9 mod 16, (5) 
or x2 I 16 mod 32 and y2 = 1 mod 16. (6) 
Decompose (4) to 
(x - by)(x + by) = a*(asy” - 2). (7) 
Since aS divides the left-hand side, every prime dividing a is contained in 
exactly one of the factors x - by or x + by provided we can show that their 
difference, 2by, is prime to a. The assumption that (a, b) = k > 1 would 
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lead to k2 / a4 + b2 = 2p and p would not be a prime. And if there were a 
prime 1 dividing (a, y), we would obtain 11 x in (4), so that 2 I (x, y). There- 
fore we can set (x - by, a”) = a’-, (x + by, az) = w2, and we have v2w2 = ua. 
Now let 
x - by = mv2, x + by = nw2. (8) 
Then from (7) we have mn = a2y2 - 2. 
For every odd prime q that divides mn, one has (a~)~ = 2 mod q, hence 
q E &l mod 8. This must also be true for the numbers themselves: 
m = &-1 mod 8 and n = & 1 mod 8, since mn is odd and the congruence 
m = &3 mod 8, for instance, can only exist if m has a prime factor 
q’ E &3 mod 8; but q’ I mn. According to (5) and (6), the integers x - by 
and x + by are odd. Therefore (8) implies 
x-by= flmod8, x+byr +lmod8. (9) 
In (5), x is divisible by 8 and y = =t3 mod 8. We obtain further by 
= k.3 mod 8, hence x - by = &3 mod 8, which is contrary to (9). There- 
fore only (6) is left. The. right-hand side in (7) is -9 * (9 * 1 - 2) = 
-1 mod 16. Now (9) implies that the factors on the left-hand side of (7) 
can only be = 1 and 15 mod 16 or -7 and 9 mod 16, disregarding the order. 
The sum 2x is always divisible by 16, hence 8 1 x, in contradiction to (6). 
We have thus proved that the Eq. (4) cannot exist. 
3. APPLICATION TO THE REPRESENTATION OF -1 
The following properties from the theory of continued fractions are used: 
(i) Let D be a positive integer, not a square, where D112 is developed 
into the simple continued fraction [b, , bl ,..., b,-J, and the inverse of the 
rest is written (D1lz + Py)/Qy . Then the equation x2 - Dy2 = (-1)’ QV 
is solvable with x = A,-, , y = B,-, , where A,,/B,-, is the (V - 1)th 
convergent of the continued fraction of D112 and (AVWl, ByJ = 1 (Perron 
[5, P. 921). 
(ii) If the period of the continued fraction of D1j2 has an odd number 
of terms and D = r2 + .s2, r2, and s2 unique, then there exist numbers v 
with P, = r, QV = s or P, = s, Q, = r (Perron [5, p. 831). Since Q, = QVT1 , (i) 
implies that one of the equations x2 - Dy2 = r or x2 - Dy2 = s is solvable 
with positive right-hand side, and (x, y) = 1. This coincides with the solva- 
bility of the equation x2 - Dy2 = - 1. 
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THEOREM 3 (Epstein, RCdei). If p is a prime and 2p = r2 + s2 with r 
and s E 13 mod 8, the Diophantine equation xo2 - 2p~,,~ = -1 is not 
solvable. 
Proof. The representation of 2p as a sum of two squares is unique. 
Therefore if there were a solution x0 , y, , one of the equations x2 - 2py2 = r 
or x2 - 2py2 = s would also have a solution, according to (ii). That is 
possible only for x odd, x2 = 1 mod 8. Since 2p = 2 mod 8, 2py2 = 0 or 
2 mod 8, the difference r or s cannot be = f3 mod 8. 
THEOREM 4. Ifp is aprime and2p = a4 + b2 with a2 andb = &7 mod 16, 
the equation xo2 - 2pyo2 = - 1 cannot have a solution in integers when 
b > +a2. 
proof. Assume that x,,2 - 2 yo2 = - 1 is solvable. Then according to the 
cited properties of continued fractions, either 
x2 - 2py2 = a2 or x2 - 2py2 = b (10) 
would have a solution. In the first case, we conclude from Theorem 1 that 
also a representation of fa or &2a by the quadratic form exists. The repre- 
sentation of &a is impossible, by the proof of Theorem 3. Taking the 
equation xl2 - 2py, 2 = &2a module 16, we have xl2 = 0 or 4, 2p = 2, 
and &2a z 6 or 10 mod 16. Hence y12 must be ~3 or 5 or 7 mod 8 which 
is impossible for a square. Therefore only the second equation of (10) is 
left and we have P, = a2, QV = b, as mentioned above. 
If b = $a2, one obtains 3 1 a, hence 9 1 3b or 3 1 b, and p is not a prime. 
If b > $a2, we deduce 4a2b < 3b2, a4 + b2 < 4b2 - 4a2b + a4, (2p)lj2 < 
2b - as, since 2b - a2 > a2 - 2b, and finally (a2 + (2p)1/2)/b < 2. Using 
the notation of Perron, we have b, = [(Py + (~P)~/~)/QJ = 1 and calculate 
P V+l = b - a2, QY+, = 2a2. Since QV-2 = QV+, , one of the cases would make 
the equation x2 - 2py2 = -2a2 solvable with (x, y) = 1. This contradicts 
Theorem 2. 
It is likely that the other possibilities b, > 1 or b < $a2 do not allow a 
solution of the equation x2 - 2py2 = - 1, too, but there does not appear 
to be such an elementary proof in those cases. 
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